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Abstract: Hamilton-Jacobi (HJ) reachability provides a principled framework for1

synthesizing safety certificates and robust controllers for safety-critical robotic2

systems. However, applying reachability analysis to high-dimensional nonlinear3

systems remains challenging: classical grid-based solvers suffer from the curse4

of dimensionality, continuous-time neural solvers require accurate spatial value5

gradients, and reinforcement-learning-based approaches often suffer from weak6

boundary anchoring and non-stationary adversarial policy optimization. We pro-7

pose a discrete-time neural reachability framework for control-disturbance-affine8

systems that learns backward reachable tubes (BRTs) and backward reach-avoid9

tubes (BRATs) through Bellman-Isaacs value propagation. Our key idea is to com-10

bine equation-driven self-supervision with structured policy learning: rather than11

computing explicit PDE-gradients, we exploit the bang-bang structure of optimal12

safety interventions to construct approximate teacher actions from gradient-free13

value probes, converting adversarial actor learning into supervised policy learn-14

ing. To stabilize long-horizon value propagation, we leverage the learned actor to15

train the value function backward from the terminal boundary using a windowed16

temporal curriculum, where each window is used as the boundary condition for17

the next window. Across benchmark problems up to 80 dimensions, our method18

learns accurate reachability value functions while improving stability over exist-19

ing learning-based solvers. We further demonstrate observation-space scalability20

on F1-tenth racing with over 16,000-dimensional egocentric inputs. The learned21

safety filter generalizes zero-shot to unseen tracks and transfers to a physical RC22

car, achieving real-time robust collision avoidance. 123

Keywords: Robot Safety, Hamilton-Jacobi Reachability, Safety-Critical Control24

1 Introduction25

From autonomous vehicles to aerial robots, robotic systems are increasingly deployed in safety-26

critical settings. In these domains, failures can arise not only from nominal planning errors, but27

also from disturbances, model mismatch, and adversarial interactions. This requires control policies28

and safety certificates that are robust to worst-case disturbances. Hamilton-Jacobi (HJ) reachability29

provides a principled framework for this purpose: by solving a dynamic game between the controller30

and an adversarial disturbance, reachability analysis computes the set of states from which safety31

can be guaranteed [1], or a target can be reached while avoiding failure [2].32

Despite its strong theoretical foundations, HJ reachability remains difficult to apply to high-33

dimensional nonlinear robotic systems. Classical grid-based methods [3, 4] solve the Hamilton-34

Jacobi-Isaacs (HJI) partial differential equation with strong numerical guarantees, but their com-35

putational cost grows exponentially with the state dimension [5]. To overcome this curse of di-36

mensionality, recent works have explored learning-based approximations of HJ reachability. One37

prominent direction uses Physics-Informed Neural Networks (PINNs) to solve the continuous-time38
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HJI PDE by minimizing its residual [6, 7, 8, 9, 10]. The key appeal of this approach is that learning39

is self-supervised: the PDE itself provides a dense training signal, allowing the value function to40

be optimized without requiring ground-truth reachable sets. However, evaluating the HJI residual41

requires accurate spatial value gradients, ∇xV , throughout the state space. In long-horizon, high-42

dimensional, or nonsmooth reachability problems, these gradients can be difficult to represent and43

optimize reliably. While architectures such as SIRENs can improve derivative fidelity [6], they often44

introduce optimization instability and become increasingly difficult to scale in high-capacity settings45

[11, 12].46

A second line of work formulates reachability as a discrete-time zero-sum reinforcement learning47

(RL) problem [13, 14, 15, 16]. This perspective is attractive because it naturally handles learned48

dynamics, complex simulators, and high-dimensional systems without requiring direct access to49

continuous-time PDE derivatives. However, RL-based reachability methods suffer from a funda-50

mental moving-target problem: value estimates, control policies, and adversarial disturbance poli-51

cies are all updated simultaneously through mutually dependent supervision signals. As the con-52

troller adapts to the current disturbance policy, the disturbance simultaneously adapts to the evolv-53

ing controller, while both remain coupled to a changing value function estimate. Without a stable54

boundary-conditioned anchor, these recursive updates can accumulate bootstrap error over long hori-55

zons, leading to unstable optimization and inaccurate safety boundary propagation.56

To address these challenges, we propose a discrete-time, windowed reachability learning framework57

for computing backward reachable tubes (BRTs) or backward reach-avoid tubes (BRATs). The58

method propagates safety values backward from the terminal boundary through a temporal curricu-59

lum, decomposing the long-horizon problem into sequential local learning stages. Within each tem-60

poral window, approximate optimal policies are constructed from the current value estimate through61

gradient-free bang-bang probing and refined through supervised imitation learning. The value func-62

tion is then updated using Bellman-Isaacs supervision from both teacher-based one-step targets and63

student-policy rollout targets. To reduce long-horizon bootstrap drift, each temporal segment is fur-64

ther refined through rollout-anchored boundary correction before serving as the boundary condition65

for the preceding window. Collectively, this formulation enables scalable reachability analysis and66

stable long-horizon value propagation for high-dimensional systems.67

Our approach can be viewed as combining the most useful aspects of PINN- and RL-based for-68

mulations while avoiding their primary failure modes. Akin to PINN-based methods, we rely on69

self-supervision from the governing optimality equation: instead of minimizing a continuous-time70

HJI PDE residual, we minimize the discrete-time Bellman-Isaacs error induced by the dynamic pro-71

gramming recursion. This preserves the physics-informed learning signal from PINN-style methods,72

but avoids their dependence on accurate spatial value gradients, which are difficult to approximate73

in high-dimensional, non-smooth problems. At the same time, our formulation inherits the flex-74

ibility of discrete-time RL-style methods, which can be applied to complex sampled (black-box)75

dynamics. However, rather than learning control and disturbance policies through coupled adversar-76

ial actor-critic updates, we exploit the bang-bang structure of the optimal policies to convert actor77

learning into a supervised learning problem. These supervised policies, together with the terminal78

boundary condition, provide stable anchors for Bellman target construction, making value propa-79

gation substantially more stable than unconstrained minimax policy-value optimization. Through80

several simulated case studies and real-world robotic experiments, we demonstrate that our method81

learns accurate BRT and BRAT value functions in high-dimensional adversarial systems, improves82

training stability over existing learning-based reachability solvers, and enables robust closed-loop83

safety-critical control under disturbances.84

2 Problem Formulation85

Consider a discrete-time nonlinear system with control-disturbance affine dynamics:86

xk+1 = f(xk, uk, dk) = f0(xk) + fu(xk)uk + fd(xk)dk, (1)

where xk ∈ X , uk ∈ U = {u ∈ Rnu | u ≤ u ≤ u}, and dk ∈ D = {d ∈ Rnd | d ≤ d ≤ d}87

denote the state, control, and disturbance at time step k, respectively. The disturbance dk is treated88
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adversarially to capture worst-case safety margins, representing both exogenous environmental dis-89

turbances, such as wind gusts or adversarial agents, and internal epistemic uncertainties, such as90

unmodeled friction. This control-disturbance affine setting remains expressive enough to model a91

broad class of robotic systems, including autonomous vehicles, drones, and manipulators.92

Let the failure set be L = {x | ℓ(x) ≤ 0} and the target set be G = {x | g(x) ≤ 0}. We study93

two closely related finite-horizon reachability problems. The first is an avoid-only safety problem,94

characterized by a backward reachable tube (BRT), denoted BS(k). BRT contains all states at time95

step k from which failure is inevitable under worst-case disturbances. The second is a reach-avoid96

problem, characterized by a backward reach-avoid tube (BRAT), denoted BL(k). BRAT consists97

of states from which the target can be reached while avoiding safety violations despite worst-case98

disturbances. Mathematically,99

BS(k) =
{
x : ∀u(·), ∃d(·), ∃κ ∈ [k,K], xu,d

x,k(κ) ∈ L
}
,

BL(k) =
{
x : ∀d(·), ∃u(·), ∃κ ∈ [k,K], xu,d

x,k(κ) ∈ G,∀s ∈ [k, κ], xu,d
x,k(s) /∈ L

}
,

(2)

where xu,d
x,k denotes the trajectory induced by policies u(·) and d(·) starting from state x at time step100

k. For brevity, the remainder of the main text focuses primarily on the BRT formulation. The full101

BRAT formulation and corresponding Bellman-Isaacs recursions are provided in Appendix A.102

For a given task, we synthesize the relevant tube by learning the corresponding value function. In103

avoid-only tasks, we learn the BRT value function V ∗
S and its associated safety-preserving policy.104

The value function is given as [17]:105

V ∗
S (x, k) = max

u
min
d

[
min

κ∈[k,K]
ℓ(xκ)

]
. (3)

Under this convention, BS(k) = {x : V ∗
S (xt, k) ≤ 0}. The optimal value function satisfies the106

following discrete-time Bellman-Isaacs recursions [15]:107

V ∗
S (x, k) = min

(
ℓ(x),max

u∈U
min
d∈D

VS(f(x, u, d), k + 1)

)
, (4)

with the boundary condition (BC) b(x): V ∗
S (x,K) = ℓ(x).108

Our objective is to approximate these Bellman-Isaacs solutions with neural value functions and their109

corresponding optimal policies. Specifically, we aim to learn a neural value function Vθ(x, k) that110

approximates V ∗
S (x, k) thereby providing a quantitative certificate of safety or safe reachability over111

the state space. In parallel, we learn shared-network control and disturbance policies, πu
ϕ(x, k) and112

πd
ϕ(x, k), though our framework readily accommodates separate network architectures.113

3 Method114

Our method learns the neural value function associated with BRT or BRAT. Our key idea is to train115

backward from the terminal boundary using a windowed temporal curriculum: each window learns a116

local value function and corresponding control and disturbance policies through approximate teacher117

supervision and Bellman-error minimization, and then undergoes a finetuning phase for reducing any118

learning errors before being frozen as the boundary condition for the preceding window.119

Temporal Partitioning via Windowed Network Architectures. Approximating long-horizon120

Bellman-Isaacs solutions with a single monolithic network can lead to representational overload,121

particularly when the value function exhibits sharp temporal variation or nonsmooth reachable-set122

boundaries. To reduce this burden, we partition the discrete horizon K into sequential temporal123

windows, each represented by a specialized network. Let K = {0, 1, . . . ,K}. We define a neural124

value function Vθ : X × K → R together with a shared policy network πu,d
ϕ : X × K → U × D125

that parameterizes both the control and disturbance policies. The value function is boundary-aware126

by construction at the terminal time k = K and uses independent network weights within each127

temporal window:128

Vθ(x, k) =

{
b(x), if k = K,
V w
θ (x, k), if K − wW ≤ k < K − (w − 1)W,

(5)
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Algorithm 1 Overview

Require: K, g, ℓ, W
k ← K, initialize NNs
while k ≥ 0 do
π ← Supervise(ûk:K

teacher)

V ← Update(yk:Kmixed)
if (K−k) mod W = 0 then
FinetunePhase
Freeze current window
Unfreeze next window
k ← k − 1

Figure 1: Method Overview: backward temporal curriculum with actor-critic learning.
where W ∈ Z+ denotes the window length, w ∈ Z+ is the window index counted backward from129

the terminal time, and b(x) is the terminal boundary condition.130

The shared policy parameterization is decomposed into temporal windows: π(·)
ϕ (x, k) = π

(·),w
ϕ (x, k)131

for K − wW ≤ k < K − (w − 1)W , where (·) ∈ {u, d} denotes the control and disturbance poli-132

cies. This windowed representation decomposes the long-horizon dynamic programming problem133

into shorter-horizon subproblems. Each network focuses its representational capacity on a local-134

ized temporal segment, while later-time windows, once trained and frozen, serve as fixed boundary135

conditions for earlier windows.136

Backward Curriculum. As illustrated in Alg. 1 and Fig. ??, training proceeds backward along137

the discrete time axis, starting from the terminal boundary condition. At each curriculum step, the138

algorithm alternates between policy training and value training, followed by a window-finetuning139

phase whenever a temporal window is completed. Each phase is trained to near convergence be-140

fore the curriculum advances. Crucially, the policy update is performed before the value update to141

ensure that the updated policies are available to construct accurate temporal-difference (TD) targets142

for value learning. Whenever the elapsed curriculum horizon (K − k) reaches a multiple of the143

window duration W , the algorithm triggers a finetuning phase to calibrate the value network against144

rollout-derived targets, effectively aligning the policies and the value function. After fine-tuning, the145

parameters of the completed window, including both value and policy networks, are frozen and used146

as the boundary condition for the preceding window. We now detail each of these phases.147

3.1 Policy Training via Bang-Bang Probing148

The policy training phase learns control and disturbance policies that approximate the optimal ac-149

tions in the Bellman-Isaacs recursion in Eqn. 3. To mitigate the “moving target” problem prevalent150

in joint control-disturbance optimization (a minimax update), we construct approximate teacher ac-151

tions from the current value estimate and use them to supervise the student policy networks:152

Lπ =
1

N

N∑
i=1

wi

(∥∥πu
ϕ(xi, ki)− û∗(xi, ki)

∥∥2
2
+
∥∥∥πd

ϕ(xi, ki)− d̂∗(xi, ki)
∥∥∥2
2

)
, (6)

where xi ∈ X are sampled states, ki ∈ Kcurr = {k, k+1, . . . ,K− (w−1)W −1} are time indices,153

(û∗, d̂∗) are the estimated teacher actions, and wi weights the confidence of each teacher label.154

Estimating Teacher Policies. Our teacher construction is inspired by the bang-bang structure155

of optimal policies in continuous-time Hamilton-Jacobi reachability [17, 18]. For continuous-156

time control-disturbance-affine dynamics ẋ = fc(x, u, d) = fc,0(x) + fc,u(x)u + fc,d(x)d, the157

continuous-time optimal actions are strictly bang-bang:158

û∗
j =

{
uj , Cu,j > 0,
uj , Cu,j ≤ 0,

d̂∗j =

{
dj , Cd,j > 0,

dj , Cd,j ≤ 0,
(7)

where Cu,j and Cd,j are the j-th components of the gradient projections fc,u(x)
⊤∇xV and159

fc,d(x)
⊤∇xV , respectively. For the opposite minimization-maximization convention (e.g., in160

BRAT), the endpoint assignments are reversed accordingly.161
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Unlike PINN-based reachability solvers, our method does not require analytic spatial gradients162

∇xVθ for policy extraction. Instead, we infer the relevant gradient-projection signs through dis-163

crete value comparisons of forward-simulated next states. For each control dimension j, we eval-164

uate ∆V u
j := Vθ(x

uj , k + 1) − Vθ(x
uj , k + 1) ≈ ∆t∇xVθ(x, k + 1)⊤fc,u(x)

(
uj − uj

)
=165

∆t Cu,j

(
uj − uj

)
, where xuj and xuj denote the next discrete-time states obtained by setting166

only the j-th control dimension to its upper or lower bound, while holding the remaining action167

dimensions fixed at a baseline value. Since uj − uj > 0, the sign of ∆V u
j approximates the168

sign of Cu,j for sufficiently small discretization step ∆t. An analogous probing procedure yields169

sign(Cd,j) ≈ sign(∆V d
j ) for each disturbance dimension.170

This procedure requires only 2(nu + nd) forward value evaluations per sampled state and provides171

an efficient, gradient-free approximation of the teacher actions (û∗, d̂∗). To reduce the influence of172

ambiguous labels, such as regions where the value is locally flat or multiple actions yield nearly iden-173

tical next-step values (e.g., ∇Vx → 0), we downweight uncertain teachers through the confidence174

weight wi, computed as the inverse variance of these directional probe scores.175

3.2 Value Training via Mixed Temporal-Difference Targets176

A fundamental challenge in this decoupled actor-critic scheme is compounding suboptimality: if a177

suboptimal student policy is used to train the value network, the resulting value estimate may become178

biased, which in turn yields corrupted teacher actions in subsequent policy updates. To mitigate this179

error propagation, we train the value function using a mixture of one-step TD targets generated180

from teacher actions and multi-step TD targets generated from student-policy rollouts. The teacher181

targets keep the value update anchored to the Bellman-Isaacs recursion to preserve optimality, while182

the student targets improve consistency with the learned policies over longer rollouts.183

For a sampled state-time pair (x0, k0), we first compute a one-step teacher target. Let x1 =184

f(x0, û
∗, d̂∗) be the next state under the teacher actions. The teacher TD target is then yteacher =185

J
(
x0, Vθ(x1, k0 + 1)

)
, where J (x, V ) = min

(
ℓ(x), V

)
for BRT computations.186

We also construct a multi-step student target by rolling out the learned policies (πu
ϕ, π

d
ϕ) for M187

steps, where M is sampled from a geometrically decaying distribution. Let x0:M denote the resulting188

trajectory and let Vθ(xM , k0+M) be the bootstrapped terminal value. The student target is ystudent =189

J
(
x0:M , Vθ(xM , k0 +M)

)
. For BRT, this reduces to the minimum safety margin along the rollout,190

clipped by the bootstrapped value at the terminal rollout state.191

The value network are trained to minimize the MSE residual of Vθ against the evenly mixed tar-192

gets (i.e., 50% student samples). To improve boundary-condition compliance, we oversample time193

indices near the current boundary, k0 = K − (w − 1)W − 1, when drawing k0 ∈ Kcurr.194

3.3 Finetune Phase195

Although mixed TD targets reduce short-horizon suboptimality, the backward windowed curriculum196

remains susceptible to bootstrap drift across temporal boundaries. If a completed window is frozen197

with biased value estimates, those errors become the boundary condition for the preceding window198

and can propagate backward through the horizon. To reduce this drift, we perform a boundary-199

correction fine-tuning phase at the end of each temporal window before freezing its parameters.200

This phase calibrates the value network against rollout-derived targets under the learned student201

policies. Specifically, we optimize a semi-supervised objective that combines local Bellman consis-202

tency with supervised anchor targets obtained from discrete-time dynamics rollouts:203

LFT = Lstudent
TD + λsupLsup = 1

B

(∑B
i=1 (Vθ(xi, ki)− ystudent,i)

2
+ λsup

∑B
m=1 wm (Vθ(xm, km)−Gm)

2
)
.

(8)

Here, Lstudent
TD uses only student-policy TD targets, omitting teacher targets so that the update204

aligns the value network with the policies being evaluated. The second term anchors the value205

network to empirical rollout targets Gm, sampled from a static dataset. To construct the Gm206
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Table 1: Quantitative comparison of open-loop safety and closed-loop control performance. Results
report mean and standard deviation over 5 random seeds.

Method Narrow Passage Quadrotor Gate Avoidance
FPR % ↓ FNR % ↓ Succ % ↑ Time (h) ↓ FPR % ↓ FNR % ↓ Succ % ↑ Time (h) ↓

DeepReachMPC 0.00± 0.00 100.0± 0.00 2.50± 0.90 5.0 2.0± 0.8 78.40± 14.00 0.06± 0.00 4.0
RL Baseline 0.00± 0.00 93.40± 0.70 3.70± 0.72 5.5 30.38± 3.39 0.00± 0.00 0.00± 0.00 5.5
Ours 100.00± 0.00 0.00± 0.00 99.65± 0.31 4.0 0.5± 0.0 9.70± 1.00 0.50± 0.01 5.5

Table 2: Scalability stress-testing on high-dimensional Publisher-Subscriber network dynamics.

Method 40D Network Dynamics 80D Network Dynamics
FPR % ↓ FNR % ↓ MSE ↓ FPR % ↓ FNR % ↓ MSE ↓

DeepReachMPC 2.648± 0.310 0.001± 0.001 0.007± 0.001 2.115± 0.145 0.000± 0.000 0.026± 0.001
RL Baseline 23.306± 0.397 76.228± 0.602 1.717± 0.086 25.581± 0.941 78.696± 0.731 5.886± 0.24783
Ours 0.000± 0.000 9.134± 0.693 0.009± 0.002 0.219± 0.429 14.263± 1.884 0.072± 0.016

dataset, we forward-simulate from (xm, km) using the learned student policies until reaching the207

upper boundary of the active window, kbound = K − (w − 1)W , where w ≥ 1 is the cur-208

rent window index. The anchor target is computed from the same stage-wise reachability cost209

along this rollout and bootstrapped with the frozen value function at kbound: GBRT(x, k) =210

J
(
xk:kbound

, Vθ(xkbound
, kbound)

)
= min

[
minκ∈[k,kbound] ℓ(xκ), Vθ (xkbound , kbound)

]
. The first term211

evaluates whether the target is reached safely within the active window, while the second term boot-212

straps from the frozen boundary value. To discourage false-positive safety predictions, we apply213

asymmetric weights wm = 1 + λfp1{Vθ(xm, km) > 0 and Gm < 0}, where λfp controls the214

penalty for states predicted to be safe but evaluated as unsafe by rollout. The fine-tuning phase is215

run with a reduced learning rate until convergence. The active window is then frozen and used as216

the boundary condition for the preceding window.217

4 Experimental Results218

We evaluate our framework across three benchmarks spanning distinct types of reachability prob-219

lems: (i) Two-Vehicle Narrow Passage [6] (Reach-Avoid); (ii) Quadrotor Gate Avoidance220

(Avoid); and (iii) 40D/80D Publisher-Subscriber [19] (Reach). We compare against three state-of-221

the-art baselines: DeepReachMPC [7] (a monolithic continuous-time PINN-based solver), RARL222

[14] (an RL-based solver for BRAT), and ISAACS [15] (an actor-critic RL baseline for BRT). De-223

tailed training configurations and environment setups are deferred to Appendix C.224

Evaluation metrics. We track the False Positive Rate (FPR) (predicted safe but empirical failure,225

indicating dangerous over-optimism) and False Negative Rate (FNR) (predicted unsafe but empir-226

ical success, indicating over-conservatism) of the value function. We further report Success Rate227

to assess policy optimality, and Training Time to evaluate computational efficiency. Each metric is228

evaluated over 100K samples across 5 random seeds.229

Long-Horizon Narrow Passage. Two opposing vehicles are tasked with safely reaching their re-230

spective goals through a bottleneck caused by a stranded vehicle. To avoid a head-on collision, one231

agent must proactively yield early in the extended T = 8.0s horizon. This requires the reachability232

solver to robustly maintain the early-time optimal value function, preventing agents from adopting233

myopic maneuvers that greedily approach the goal at the cost of mild safety violations. As shown234

in Table 1, our method successfully learns these far-sighted coordination strategies by leveraging235

temporal partitioning to preserve short-horizon intermediate solutions required for safe traversal.236

Notably, because all evaluated initial states are inherently safe (i.e., ideal success is 100%) and our237

learned value function correctly predicts them as such, any empirical collision resulting from minor238

policy execution errors mathematically forces a 100% FPR. Hence, the reported FPR reflects policy239

execution flaws over the long horizon, rather than a severely over-optimistic value function.240

13D Quadrotor Gate Avoidance. A quadrotor must safely navigate through a gate opening within241

an otherwise infinitely expansive y-z planar obstacle. The vehicle must also maintain a positive242

x-velocity while adhering to linear and angular velocity bounds across all axes. The system’s high243

thrust-to-mass ratio of 20, combined with the non-smooth safety boundaries, introduces severe nu-244

merical instability for standard learning-based solvers, especially those utilizing explicit gradient245
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Table 3: Ablation of policy optimization objectives on the Narrow Passage benchmark.
Configuration FPR % ↓ FNR % ↓ Succ % ↑ Time (mins) ↓
Policy Gradient - 1 Step 99.58± 0.09 0.79± 0.74 92.20± 6.11 265.5
Policy Gradient - 3 Step 93.57± 8.71 0.25± 0.13 90.15± 6.87 307.4
Policy Gradient - 5 Step 99.75± 0.09 0.28± 0.83 80.81± 3.85 400.1
Teacher Student 100.0± 0.0 0.0± 0.0 99.65± 0.31 262.4

representations during training. Conversely, our gradient-free approach leverages the stable anchors246

provided by the temporal curriculum and empirical rollouts to robustly propagate the value func-247

tion. Crucially, while our absolute 0.50% success rate appears low, it reflects the physical reality248

of the environment: the vast majority of random initial states are dynamically doomed to violate249

the z-velocity constraint due to gravity. We further validate the optimality of our learned policy250

by outperforming both the built-in sampling-based MPC solver of DeepReachMPC (0.03%) and a251

carefully tuned MPPI controller (0.21%).252

Publisher-Subscriber Systems. This benchmark stress-tests scalability against massive state and253

action spaces, where the control dimension is exactly the state dimension minus one (representing a254

single uncontrollable publisher and N − 1 controllable subscribers). Because the system dynamics255

are structurally decomposable, it admits a ground-truth solution for the MSE evaluation. As shown256

in Table 2, our framework—despite being formulated as a generalized solver for two-player zero-257

sum games—achieves a MSE on par with DeepReachMPC, which is engineered for single-player258

optimal control. This demonstrates that our method scales gracefully to high-dimensional domains.259

Ablation on Policy Optimization. We isolate and validate our critical architectural choices using260

the long-horizon Narrow Passage dynamics as a benchmark. Specifically, we compare our value-261

grounded teacher-student objective against policy gradient (PG) alternatives, which update the pol-262

icy networks using TD targets derived from policy rollouts whose lengths are sampled from a ge-263

ometric distribution between 1 and m steps. As shown in Table 3, the teacher-student formulation264

achieves substantially faster convergence and improved consistency across random seeds. By deriv-265

ing supervision directly from the extremal-action decisions induced by Vθ (Eqn. 6), our approach266

is significantly more robust to the sparse gradient signals inherent to reachability (where trajectory267

cost depends solely on the extremum state, e.g., argminx ℓ(x)). Additionally, the teacher-student268

paradigm eliminates the need to tune the maximum rollout horizon (m), a hyperparameter that269

heavily dictates the empirical stability of PG-based training. This highlights that our framework270

maintains the architectural benefits of actor-critic methods while explicitly avoiding the unstable271

actor-training dynamics inherent to traditional RL.272

Additional ablations evaluating the teacher-mixing ratio, alongside benchmarks on two-player zero-273

sum games (e.g., pursuer-evader problems), are deferred to Appendix E.1 due to space constraints.274

275

4.1 Vision-Based F1Tenth Racing and Sim-to-Real Deployment276

We scale our framework to synthesize a safety value function (BRT) for high-speed autonomous rac-277

ing (max speed 10 m/s), where the vehicle must remain collision-free against the track boundaries278

with acceleration and steering rate as control inputs. We train the reachability solution jointly across279

20 tracks and evaluate it on 3 held-out tracks from [20], each spanning roughly 120 m × 120 m.280

The model takes as input an egocentric 128× 128 Bird’s-Eye View (BEV) binary occupancy image281

concatenated with the vehicle’s proprioceptive state (speed, angular velocity, slip angle, steering282

angle) and a disturbance scale parameter sd ∈ [0.0, 0.3]. Crucially, the BEV spatial resolution dy-283

namically scales with vehicle speed to guarantee sufficient look-ahead visibility for accurate safety284

predictions. We note that commonly used low-dimensional inputs, such as LiDAR scans, lack suffi-285

cient information for accurate safety prediction in a racing context (e.g., due to occlusion near sharp286

turns). Because the BEV pixel dynamics are unknown, we treat the system as a black box with un-287

derlying control-disturbance-affine dynamics. To ensure robustness against OOD observations and288

modeling errors, we train against adversarial disturbances including lateral drift and control author-289

ity degradation. At test time, the learned value function is equipped with a Discrete-Time Control290
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Barrier Function (DCBF) filter [21] to safeguard a poorly-tuned MPPI nominal controller. Across291

50 evaluation trials (40s each), the filtered policy achieved zero collisions on both the in-distribution292

and OOD tracks under a disturbance scale sd = 0.1, with an average speed of 9.25 and 9.17 m/s,293

respectively. Without the filter, the MPPI baseline yields 56% and 48% collision rates, respectively.294

Figure 2: Real-world deployment on the Ros-
master R2 RC car, with value function slices vi-
sualized at critical states along the trajectory.

We further finetune our value networks on 20295

scaled-down tracks to match real-world dimen-296

sions and deploy them onto a physical Rosmas-297

ter R2 RC car on a previously unseen track.298

Following a low-speed warmup lap to construct299

a track map, we utilize Vicon motion capture300

for real-time localization, as the 7 Hz onboard301

LiDAR suffers from severe localization drift302

at higher speeds. All computations—including303

the nominal controller, BEV image generation,304

and safety filtering—execute on an offboard305

laptop with a GTX 1060 GPU and a 12-core306

3.3 GHz CPU. The laptop streams linear and an-307

gular reference velocities to the car over WiFi.308

This closed-loop deployment introduces moder-309

ate sim-to-real challenges: a mismatch between the hardware and training control spaces, OOD310

track geometries, and approximately 50 ms of combined computation and communication latency.311

By applying a disturbance scale of 0.2, our adversarial formulation enables the safety filter to ro-312

bustly absorb these modeling errors and discrepancies. Operating at speeds up to 1.5 m/s (hardware313

physical limit), the filtered policy completed 10 laps with zero collisions and an average speed of314

1.07 m/s. In stark contrast, the unfiltered nominal policy, which blindly tracks the racing line with315

maximal speed, led to 3 collisions within its very first lap. More details are available in Appendix F.316

5 Conclusion317

In this work, we introduced a discrete-time, gradient-free neural framework for high-dimensional318

Hamilton-Jacobi (HJ) reachability. Our method partitions long-horizon problems into temporal win-319

dows, adapting a teacher-student actor-critic framework to jointly approximate optimal policies and320

value functions. By inheriting the backward temporal curriculum from PINNs, we preserve stable321

boundary anchoring while maintaining the flexibility of discrete-time RL. Across diverse safety-322

critical benchmarks, our framework excels at solving long-horizon and numerically stiff reachability323

problems. Moreover, it scales to massive state, control, and observation dimensions, and achieves324

robust sim-to-real generalization through closed-loop physical racing.325

6 Limitations and Future Work326

While our discrete-time framework scales robustly to high-dimensional systems and vision-based327

observations, several avenues for refinement remain. First, our method is sensitive to the integration328

time-step (see Appendix D.2). Proper tuning is critical: excessively large steps introduce significant329

discretization error, while overly small steps shrink the directional value differences and induce330

biased policies. For simple reachability problems with closed-form dynamics, DeepReachMPC331

generally requires less tuning to provide strong baseline performance. Consequently, a valuable332

future direction is the empirical quantification of optimal ∆t bounds or the development of adaptive333

time-stepping during the temporal curriculum.334

Second, because our bang-bang action probing assumes affine dynamics, the framework provides335

suboptimal solutions for non-affine black-box systems, where RL-based methods theoretically ap-336

proximate optimal solutions. This bang-bang nature may also struggle with tasks requiring soft and337

smooth control interactions. An exciting future direction is to replace single-step bang-bang teach-338

ers with multi-step episodic rollouts to relax the affine dynamics requirement—at the cost of higher339

variance in the learning signal—enabling the framework to solve reachability problems that demand340

more nuanced control, such as humanoid balancing or intricate manipulation tasks.341
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A BRAT Derivations and Descriptions406

As stated in the main text, our proposed discrete-time neural reachability framework generalizes407

naturally to tasks that require simultaneous goal-reaching and safety tracking. In this appendix, we408

present the Backward Reach-Avoid Tube (BRAT) formulation in details, including the correspond-409

ing Bellman-Isaacs recursion operators, the TD target, and the rollout reachability anchoring labels410

utilized during fine-tuning phase.411

A.1 Reach-Avoid Value Function and Recursion412

Let the failure set be characterized by the zero sub-level set L = {x | ℓ(x) ≤ 0} and the target set413

by G = {x | g(x) ≤ 0}. The backward reach-avoid tube BL(k) represents the set of all initial states414

at time step k from which a controller can guarantee that the system enters the target set G within415

the finite horizon while strictly remaining outside the failure set L under worst-case disturbances:416

BL(k) =
{
x
∣∣∣ ∀d(·), ∃u(·), ∃κ ∈ [k,K] s.t. xu,d

x,k(κ) ∈ G, and ∀s ∈ [k, κ], xu,d
x,k(s) /∈ L

}
. (9)

By adopting a minimization-maximization convention over the target distance and historical safety417

margins, the optimal finite-horizon BRAT value function V ∗
L (x, k) is characterized as:418

V ∗
L (x, k) = min

u
max
d

[
min

κ∈[k,K]

(
max

(
g(xκ), max

s∈[k,κ]
−ℓ(xs)

))]
, (10)

where the underlying reach-avoid tube is recovered at the zero sub-level set BL(k) = {x |419

V ∗
L (x, k) ≤ 0}. The solution satisfies the following discrete-time Bellman-Isaacs recursion [15]:420

VL(x, k) = max

(
−ℓ(x),min

(
g(x),min

u∈U
max
d∈D

VL(f(x, u, d), k + 1)

))
, (11)

subject to the joint terminal boundary condition (BC):421

VL(x,K) = max
(
g(x),−ℓ(x)

)
. (12)

A.2 Policy Extraction and Teacher Adjustments422

To approximate the optimal minimax action pairs without explicit spatial gradients ∇xVθ, Our423

method simply adopts the same bang-bang probing strategy, except with mirrored signs due to the424

reversed min-max assignment of the control and disturbance. Specifically,425

û∗
j =

{
uj , Cu,j ≤ 0,
uj , Cu,j > 0,

d̂∗j =

{
dj , Cd,j ≤ 0,

dj , Cd,j > 0,
(13)

where the sign of C’s can be similarly estimated by the sign of ∆V u
j := Vθ(x

uj , k+1)−Vθ(x
uj , k+426

1). The same procedure provides sign(Cd,j) ≈ sign(∆V d
j ). Although this formulation technically427

breaks the non-anticipative strategy assumption for the disturbance in a strict discrete-time setting,428

Appendix E.1 empirically shows that for small ∆t, our method remains on par with numerical429

solvers in two-player games.430

A.3 TD and Fine-Tuning Anchor Targets431

Let the one-step backward reach-avoid operator be defined as:432

JBRAT(x, V ) = max (−ℓ(x),min (g(x), V )) . (14)

For a sampled state-time pair (x0, k0), the teacher TD target is given by yteacher =433

JBRAT
(
x0, Vθ(x1, k0 + 1)

)
, where x1 = f(x0, û

∗, d̂∗).434

The M -step student target, ystudent, evaluates the nested maximum reach-avoid cost under the learned435

student policies πu,d
ϕ , clipped by the bootstrapped value function at the final step:436

ystudent = max

[
min

κ∈[k0,k0+M ]

(
max

(
g(xκ), max

s∈[k0,κ]
−ℓ(xs)

))
, Vθ(xM , k0 +M)

]
. (15)
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When the curriculum completes a temporal window and triggers the boundary-correction fine-tuning437

phase, we construct empirical anchor targets, GBRAT. Instead of an M -step horizon, we evaluate438

the rollout until the current window’s temporal boundary, kbound, and bootstrap from the frozen439

downstream value function:440

GBRAT = max

[
min

κ∈[km,kbound]

(
max

(
g(xκ), max

s∈[km,κ]
−ℓ(xs)

))
, Vθfrozen (xkbound , kbound)

]
. (16)

To penalize over-optimistic value predictions (false positives), we adapt the asymmetric penalty wm441

in Eqn. (8) by mirroring the indicator conditions: wm = 1 + λfp1Vθ(xm, km) ≤ 0 and Gm > 0.442

Upon convergence of this objective, the network parameters are frozen to serve as a verified bound-443

ary condition for the preceding temporal segment.444

B Additional Method Details445

This section presents supplementary methodological details that are omitted from the main text for446

brevity.447

B.1 Sub-Step Safety Evaluation and Tie-Breaking448

While our framework explicitly accounts for discrete-time safety, violations can still occur between449

discrete time steps. To mitigate this, one can roll out the transition using a finer time resolution450

to detect safety violations during these intermediate sub-steps. To incorporate this sub-step safety451

verification into the probing teacher, we determine the control actions by evaluating the sign of ∆Ju
j452

instead of the standard value difference ∆V u
j (which corresponds to the sign of Cu,j in Eqn. 13).453

Here, Ju
j evaluates the worst-case safety margin during the transition, defined as the minimum454

between the safety function ℓ(x) evaluated at the intermediate transition states xsub, and the network455

prediction at the subsequent discrete state Vθ(x
uj ):456

Ju
j = min

(
min
xsub

ℓ(xsub), Vθ(x
uj )

)
.

While this formulation more strictly enforces safety during intermediate transitions, there are sub-457

stantial regions of the state space where ∆Ju
j evaluates exactly to zero, because HJ reachability is458

inherently a sparse reward problem. For instance, ∆Ju
j will be the safety margin at the very first459

sub step when the robot is already moving safely away from the failure set. In these regions, the460

selection rule in Eqn. 13 blindly defaults to the lower bound uj . This introduces an artificial bias461

into the learned optimal policies, as the ideal behavior should instead seek to transition to a next462

state that maximizes the overall safety value.463

To account for this, we introduce a value-based tie-breaking mechanism. When the coefficient is464

estimated as exactly zero, we explicitly evaluate the resulting next-state values to determine the465

optimal action. Again, let xuj and xuj denote the next discrete-time states obtained by setting only466

the j-th control dimension to its upper or lower bound, respectively, while holding the remaining467

action dimensions fixed at their mean values. The updated probing teachers are as follows:468

û∗
j =


uj , ∆Ju

j > 0,
uj , ∆Ju

j < 0,
argmaxuj∈{uj ,uj} Vθ(x

uj ), ∆Ju
j = 0,

d̂∗j =


dj , ∆Jd

j > 0,

dj , ∆Jd
j < 0,

argmindj∈{dj ,dj} Vθ(x
dj ), ∆Jd

j = 0.

(17)

B.2 Triple-Sided Probing469

While bang-bang control is theoretically optimal for continuous-time, control-disturbance-affine470

systems, it can introduce chattering behavior in discrete-time implementations. For instance, a471

quadrotor navigating along the centerline of a narrow gate might repeatedly oscillate between max-472

imum and minimum thrust, resulting in a chattery and inefficient control profile.473
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To mitigate these discretization artifacts, we provide an alternative “triple-sided” probing strategy.
We introduce a midpoint baseline action, defined as umid = (u+ u)/2. For each control dimension
j, we independently evaluate the value network at the next states resulting from applying the upper
bound (xuj ), the lower bound (xuj ), and the midpoint (xumid

j ). The optimal probing control û∗
j is

then selected by maximizing the value function across these three discrete candidate actions:
û∗
j = arg max

uj∈{uj ,u
mid
j ,uj}

Vθ(x
uj ).

B.3 Gamma Discounting474

Unlike standard RL-based reachability methods, our framework does not inherently require a dis-475

count factor (γ < 1) to induce a contraction mapping for the Bellman operator. Because we evaluate476

the problem within a bounded temporal curriculum, the exact, undiscounted optimal value propa-477

gates backward smoothly without diverging.478

However, incorporating a discount factor γ ∈ (0, 1] can still be advantageous for learning BRAT479

solutions in practice by providing a denser signal, incentivizing earlier goal reaching. We can seam-480

lessly incorporate this temporal discount factor into our framework, resulting in discounted safety481

value solutions:482

V ∗
S (x, k) = max

u
min
d

[
min

κ∈[k,K]
γκ−kℓ(xκ)

]
,

V ∗
L (x, k) = min

u
max
d

[
min

κ∈[k,K]

(
max

(
γκ−kg(xκ), max

s∈[k,κ]
−γs−kℓ(xs)

))]
.

(18)

C Environment Setup and Training Configurations483

C.1 Environment Definitions484

C.1.1 Narrow Passage485

The Narrow Passage environment models two vehicles navigating in opposite directions along a486

shared road segment that contains a stationary obstacle.487

State and Action Space. The joint state is x = [x1, y1, θ1, v1, ϕ1, x2, y2, θ2, v2, ϕ2] ∈ R10, where488

(xi, yi) is the position, θi ∈ [−π, π] is the heading, vi ∈ [0.1, 7.0]m/s is the speed, and ϕi ∈489

[−0.3π, 0.3π] rad is the steering angle of vehicle i ∈ {1, 2}. The control input is u = [a1, ϕ̇1, a2, ϕ̇2]490

with |ai| ≤ 2.0m/s2 and |ϕ̇i| ≤ 3π rad/s.491

Dynamics. Each vehicle follows the kinematic bicycle model with wheelbase L = 2.0m:492

ẋi = vi cos θi, ẏi = vi sin θi, θ̇i =
vi tanϕi

L
, v̇i = ai, ϕ̇i = ϕ̇ctrl

i . (19)

Target and Obstacle Sets. Vehicle 1 must reach goal g1 = (6.0,−1.2)m and vehicle 2 must reach493

g2 = (−6.0, 1.2)m, both within distance L:494

ℓtarget(x) = max(∥[x1, y1]− g1∥ − L, ∥[x2, y2]− g2∥ − L) . (20)
The failure set encodes four constraint types, all of which must be satisfied:495

• Road curbs: yi ∈ [curblo + L/2, curbhi − L/2] with curblo = −2.8m, curbhi = 2.8m.496

• Lateral bounds: xi ∈ [−10.0 + L/2, 10.0− L/2]m.497

• Stranded vehicle: ∥[xi, yi]− pobs∥ ≥ L with pobs = (0.0,−1.8)m.498

• Mutual collision: ∥[x1, y1]− [x2, y2]∥ ≥ L.499

The avoid function aggregates all constraints as ℓavoid(x) = −w · mink dk(x), where {dk} are the500

signed distances to each constraint boundary and w = 10.0.501

Neural Network Inputs. The 8 non-heading state components are normalized to [−1, 1]; the two502

headings θ1, θ2 are encoded as (sin θi, cos θi), yielding a 12-dimensional input vector ϕ(x) ∈ R12.503
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C.1.2 Quadrotor Gate Avoidance504

This environment is formulated as a safety (BRT) problem: a quadrotor approaching a gate along505

the +x direction must avoid crashing into the gate frame.506

State and Action Space. The state is x = [px, py, pz, qw, qx, qy, qz, vx, vy, vz, ωx, ωy, ωz] ∈ R13,507

where (px, py, pz) is position, (qw, qx, qy, qz) is the quaternion, (vx, vy, vz) is linear velocity, and508

(ωx, ωy, ωz) is angular velocity. State bounds are px ∈ [−4.0, 1.0]m, py, pz ∈ [−1.5, 1.5]m, and509

ωi ∈ [−5.0, 5.0] rad/s. The 4D control input is u = [∆T, ω̇x, ω̇y, ω̇z], where ∆T ∈ [−9.8, 9.8]N510

is a collective thrust perturbation around the hover thrust Th = 9.8N, and |ω̇x,y| ≤ 8.0 rad/s2,511

|ω̇z| ≤ 4.0 rad/s2.512

Dynamics. The continuous-time equations of motion are:513

ṗ = v, (21)
q̇ = 1

2 Ω(q)ω, (22)

v̇x = 2(qwqy + qxqz)
kTc

m
, v̇y = 2(−qwqx + qyqz)

kTc

m
, v̇z = −g + (1− 2q2x − 2q2y)

kTc

m
,

(23)

ω̇x = ω̇ctrl
x − 5

9 ωyωz, ω̇y = ω̇ctrl
y + 5

9 ωxωz, ω̇z = ω̇ctrl
z , (24)

where Ω(q) is the quaternion kinematic matrix, Tc = ∆T + Th, m = 1.0 kg, k = CT /m = 1.0,514

and g = 9.8m/s2.515

Obstacle Set. The gate is an infinite wall at x = 0 with a rectangular opening |py| ≤ 0.5m,516

|pz| ≤ 0.5m and a width 0.1m. The quadrotor body is a ball of radius r = 0.15m. The unsafe set517

combines gate collision with velocity bound violations: vx ∈ [0.5, 4.5]m/s, vy, vz ∈ [−2.0, 2.0]m/s,518

and ωi ∈ [−4.5, 4.5] rad/s. A tanh-scaled signed distance is used to sharpen the gate boundary.519

Neural Network Inputs. All 13 state dimensions are used; position and velocity components are520

linearly normalized to [−1, 1] while the quaternion is kept as a raw unit vector, yielding ϕ(x) ∈ R13.521

C.1.3 Publisher-Subscriber System (ND)522

This benchmark scales our method to 40D and 80D by instantiating a weakly nonlinear system with523

N ∈ {40, 80} states.524

State and Action Space. x ∈ [−1, 1]N , control u ∈ [−umax, umax]
N−1 with umax = 0.5. There525

is no adversarial disturbance.526

Dynamics.
ẋ = Ax+Bu+ η(x), (25)

where A = −0.5 IN − e01
⊤
1:N−1, B = [0; 0.4 IN−1], and the nonlinear term is527

η0(x) = µ sin(αx0)x
2
0, ηi>0(x) = −γ x2

0 xi, (26)

with γ = 20.0 and µ = α = 0. More details are available in [10].528

Target Set. A scaled ellipsoid in RN :529

ℓ(x) = 1
2

(
∥diag(ε)x∥2 −R2

)
≤ 0, ε = [

√
N − 1, 1, . . . , 1]⊤, R =

√
N − 1 · 0.25. (27)

Neural Network Inputs. The state is already in [−1, 1]N and is passed directly: ϕ(x) = x ∈ RN .530

C.1.4 Dubins Car (3D)531

The Dubins car is a planar reach-avoid problem: a unicycle system with a fixed speed must reach a532

target region while avoiding circular obstacles.533
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State and Action Space. The state is x = [px, py, θ] ∈ [−5.0, 5.0]2× [−π, π], where (px, py) is the534

planar position and θ is the heading. The scalar control is the turning rate ω ∈ [−ωmax, ωmax] with535

ωmax = 1.0 rad/s. Forward speed is fixed at v = 1.0m/s.536

Dynamics.537

ṗx = v cos θ, ṗy = v sin θ, θ̇ = ω. (28)

Target and Obstacle Sets. The target is a disk of radius rtarget = 0.5m centred at the origin:538

ℓtarget(x) = ∥[px, py]∥ − rtarget. (29)

The environment contains Nobs = 5 circular obstacles with centres ci ∈ R2 and radii ri, given in539

Table 4. The signed avoid function takes the value of the most dangerous obstacle at each state:540

ℓavoid(x) =
Nobs
max
i=1

(
ri − ∥[px, py]− ci∥

)
. (30)

A state is unsafe if ℓavoid(x) > 0, i.e. the vehicle is inside at least one obstacle.541

Table 4: Default obstacle parameters for the Dubins car environment.
i cxi cyi ri

1 −0.70 0.20 0.30
2 1.20 −1.50 0.35
3 1.80 1.00 0.50
4 −2.00 1.50 0.40
5 −1.50 −2.00 0.25

Neural Network Inputs. Position is linearly normalized to [−1, 1]2 and the heading is encoded as542

(sin θ, cos θ), yielding ϕ(x) ∈ R4.543

C.2 Network Architectures544

All experiments employ a window-partitioned architecture consisting of independent value and pol-545

icy networks for each temporal window. The value network estimates the reachability value func-546

tion, while the policy network jointly parameterizes both control and disturbance actions through a547

shared latent representation. For a horizon partitioned into M windows, the framework instantiates548

M value networks and M policy networks, each responsible for a local temporal segment.549

Windowed Value Network. Each temporal window is represented by a time-conditioned residual550

MLP that approximates the local value function V (x, k). The architecture consists of:551

1. Input stem:552

[k, ϕ(x)]→ Linear(1 + ϕdim,WV )
LV → ReLU,

where ϕ(x) denotes the state encoding.553

2. Residual trunk: L residual blocks, each consisting of a two-layer MLP with a skip con-554

nection.555

3. Output head:556

Linear(WV , 1),

producing the scalar value estimate Vθ(x, k).557

Unless otherwise specified, all value networks use width WV = 512, depth LV = 8, and are558

optimized using AdamW with learning rate 3× 10−4.559

Windowed Vector-Quantized Policy Network. Each temporal window is associated with a policy560

network that jointly predicts control and disturbance actions. The network maps states into a latent561

action embedding which is quantized onto the vertices of the bang-bang action set.562
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1. Encoder:563

[k, ϕ(x)]→ (Linear + ReLU)Lπ → Linear(Wπ, du + dd),

producing a continuous embedding564

ze ∈ Rdu+dd .

2. Vector quantization: The embedding is projected onto a fixed (implicit) codebook con-565

taining all vertices of the admissible bang-bang action set. The nearest codebook entry566

zq = argmin
c∈C
∥ze − c∥2

is selected and returned through a straight-through estimator (STE), allowing gradients to567

propagate through the continuous embedding during training.568

3. Action decoding: The quantized embedding is interpreted as the joint control-disturbance569

action vector and scaled to the corresponding control and disturbance limits during rollout570

execution.571

Unless otherwise specified, all policy networks use width Wπ = 512, depth Lπ = 5, and are572

optimized using AdamW with learning rate 3× 10−4.573

Table 5: Default architecture and training hyperparameters used across all experiments.
Hyperparameter Value

Architecture
Value network width W 512
Value network depth L 8
Policy network width Wπ 512
Policy network depth Lπ 5

Optimization
Optimizer AdamW
Learning rate 3× 10−4

Batch size 4096
Value Learning

TD(λ) coefficient 0.5
Maximum rollout length M 5
Discount factor γ 1.0
Teacher mixing fraction α 0.5
Boundary-correction LR 5× 10−5

Anchor loss weight λanchor 5.0

C.3 Training Configuration574

Unless otherwise specified, all experiments use the following training configuration.575

Optimization. Value and policy networks are optimized using AdamW with a learning rate of576

3 × 10−4 and batch size 4096. Policy and value updates are alternated throughout training, with577

each phase terminated according to a Bellman-error convergence criterion.578

Rollout Targets. Value targets are generated using a TD(λ) mixture with λ = 0.5 and a maximum579

rollout horizon of M = 5 steps. All experiments use γ = 1.0.580

State Sampling. Training batches combine multiple sampling strategies to improve boundary reso-581

lution. Unless otherwise specified, 30% of samples are drawn uniformly from the state space, 15%582

near target boundaries, 15% near obstacle boundaries, and 40% near the current reachability bound-583

ary. Boundary samples are generated using a boundary-aware replay buffer with band half-width584

0.1 and capacity 4096.585
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Temporal Curriculum. Training proceeds backward from the terminal boundary condition using586

the windowed temporal curriculum described in Sec. 3. Each temporal window is initialized from the587

subsequent converged window and optimized independently. Before freezing a window, a boundary-588

correction phase is performed using rollout-derived targets generated by the learned student policies.589

Boundary correction uses a reduced learning rate of 5×10−5 and an anchor loss weight of λanchor =590

5.0.591

Policy Learning. Policies are trained through supervised imitation of teacher actions obtained via592

gradient-free bang-bang value probing. During rollout target generation, teacher and student actions593

are mixed with a fixed teacher injection fraction of α = 0.5.594

Table 6: Benchmark-specific configurations. dx: state dimension; dϕ: NN input dimension exclud-
ing the time input (after encoding); du/dd: control/disturbance dimensions.

Benchmark Horizon (s) Windows ∆t dx dϕ du dd

Dubins Car 4.0 4 0.02 3 4 1 0
Narrow Passage 8.0 16 0.05 10 12 4 0
Quadrotor 2.0 8 0.01 13 13 4 0
Pursuit-Evasion 8.0 8 0.05 10 13 2 2
40D Network 1.0 2 0.01 40 40 39 0
80D Network 1.0 2 0.01 80 80 79 0

D Ablations595

D.1 Teacher-Mixing Fractions596

To evaluate the role of teacher-student mixing, we ablate the teacher injection fraction α within597

each temporal window, comparing student-only (α = 0), teacher-only (α = 1.0), balanced mixture598

(α = 0.5), and decaying (1.0→ 0.0) schedules.599

As shown in Table 7, the constant mixture achieves the smallest success-rate deviation from the600

numerical solution (0.206%) while remaining competitive on both rollout cost metrics. Teacher-601

only supervision produces the lowest rollout-cost discrepancy as expected, but exhibits the largest602

success-rate gap, suggesting that excessive reliance on teacher targets may bias policy learning.603

Student-only and decaying schedules achieve intermediate performance across all metrics. Overall,604

these results indicate that maintaining a fixed level of teacher guidance provides the best balance605

between policy accuracy and rollout consistency.606

Overall, the results suggest that performance is relatively robust to the choice of teacher schedule,607

although the constant mixture consistently provides the closest match to the numerical baseline in608

terms of success rate.609

Table 7: Ablation of the teacher mixing fraction α on the Dubins3D benchmark. Metrics report the
absolute difference between our learned policy and the numerical solution over 20,000 test states.
∆Succ denotes the success-rate gap, while ∆Cost Mean and ∆Cost Std denote the differences in
mean rollout cost and rollout-cost standard deviation, respectively. Lower values indicate closer
agreement with the numerical baseline.

Curriculum Schedule (α) ∆ Succ % ↓ ∆ Cost Mean ↓ ∆ Cost Std ↓
Pure Student (α = 0.0) 0.2210%± 0.0859% 0.0356± 0.0015 0.0772± 0.0021
Pure Teacher (α = 1.0) 0.3362%± 0.0608% 0.0274± 0.0013 0.0643± 0.0025
Decaying Curriculum (α : 1.0→ 0.0) 0.2267%± 0.0607% 0.0299± 0.0070 0.0699± 0.0061
Constant Mixture (α = 0.5) 0.2056%± 0.0856% 0.0312± 0.0018 0.0706± 0.0026

D.2 Impact of Time Discretization step ∆t610

To analyze the sensitivity of our discrete-time framework to the underlying temporal discretization,611

we ablate the choice of the step size ∆t during both the probing and dynamic rollout phases. Be-612
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cause our method relies on finite value differences to infer continuous-time optimal policy signs613

(sign(Cu,j) ≈ sign(∆V u
j )), the choice of ∆t embodies a critical numerical trade-off.614

An excessively large ∆t may introduce significant linearization errors, distorting the local approxi-615

mation of the system physics and leading to degraded teacher action labels near complex boundary616

manifolds. Conversely, while an infinitesimally small ∆t theoretically recovers the true analytical617

directional derivative, it can practically bottleneck optimization by drastically expanding the num-618

ber of discrete steps required to span the terminal horizon K. This temporal expansion increases619

the computational burden of multi-step student rollouts, increasing total training time, and renders620

the backward curriculum more vulnerable to bootstrapping error propagation across adjacent tem-621

poral windows. Furthermore, as ∆t diminishes, the probing teacher becomes highly vulnerable to622

approximation errors in the learned value function.623

We evaluate this sensitivity across multiple scales of ∆t on the Narrow Passage benchmark problem.624

The resulting metrics, compiled in Table 8, track the empirical False Positive Rate (FPR), False625

Negative Rate (FNR), and total rollout success rate under identical network parameterizations.626

As shown in Table 8, performance is relatively insensitive to the choice of ∆t across a broad op-627

erating range. For this specific example, moderate discretization steps (0.1–0.15s) provide the best628

trade-off between computational efficiency and control performance, achieving the highest rollout629

success rates while substantially reducing training time. Only when the discretization becomes630

excessively coarse (∆t = 0.3s) does performance degrade noticeably, indicating that the local dy-631

namics approximation becomes insufficient for accurate value propagation.632

Table 8: Ablation results isolating the impact of the time discretization step size ∆t on safety metrics
and rollout performance over 20, 000 test states.

Discretization Step (∆t) FPR % ↓ FNR % ↓ Succ % ↑ Time (h) ↓
∆t = 0.025s 100.0 0.0 82.01 11
∆t = 0.050s 100.0 0.0 94.29 5
∆t = 0.075s 100.0 0.0 93.49 4
∆t = 0.100s 100.0 0.0 96.31 3
∆t = 0.125s 100.0 0.0 99.99 2.5
∆t = 0.150s 100.0 0.0 99.98 1.5
∆t = 0.300s 0.0 100.0 78.75 1

E Additional Benchmarking Results633

E.1 Evaluation on Two-Player Zero-Sum Games634

E.1.1 4D Human-Robot Collision Avoidance635

We first formulate a 4D human-robot collision avoidance scenario as a Worst-Case Backward Reach-636

able Tube (BRT). In this game, an ego vehicle (modeled as a 4D Dubins car) attempts to avoid an637

adversarial human agent (modeled as a 3D Dubins vehicle). The system is modeled in a relative638

coordinate frame with the following dynamics:639

ẋrel = −vego + vhuman cos(θrel) + ωegoyrel

ẏrel = vhuman sin(θrel)− ωegoxrel

θ̇rel = ωhuman − ωego

v̇ego = aego

The 4D state vector is defined as x = [xrel, yrel, θrel, vego]
⊤, where xrel and yrel denote the relative640

position of the human with respect to the ego vehicle, θrel is the relative heading, and vego is the641

linear velocity of the ego vehicle. The state bounds are given as [−3.0, 3.0]2 × [−π, π]× [0.1, 1.0].642

We use Euler integration to obtain the discrete-time dynamics.643

The ego vehicle acts as the control player aiming to maximize safety, with control inputs u =644

[ωego, aego]
⊤ bounded by ωego ∈ [−1.0, 1.0] and aego ∈ [−2.0, 2.0]. The human acts as the distur-645
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bance player aiming to cause a collision, with a higher turn rate d = ωhuman ∈ [−2.0, 2.0]. The646

human is assumed to move at a constant linear velocity vhuman = 1.0.

Table 9: Quantitative safety evaluation across 20,000 random rollouts in the 4D collision avoidance
environment.

Method False Positives (FP) ↓ False Negatives (FN) ↓
OptimizedDP 1569 10
Ours 206 35

647

The safety set is defined by avoiding a collision ball of radius rgoal = 0.5 around the ego vehicle:648

ℓ(x) =
√
x2

rel + y2rel − rgoal.649

In this scenario, both players possess distinct advantages—the ego vehicle has greater longitudinal650

flexibility through variable speed, while the human has a higher maximum turn rate. This asymmet-651

ric control authority introduces sharp value gradients that cause numerical artifacts in the grid-based652

OptimizedDP solver [4], as illustrated by the qualitative value and cost function heatmaps in Fig. 3a.653

Quantitatively, the value-policy consistency is further evaluated with numbers of FP and FN among654

20,000 trajectory rollouts, as shown in Table. 9. Our method yields a significantly smaller number655

of FP while being slightly more conservative with a higher number of FN.656

(a) OptimizedDP solution (b) Our solution

Figure 3: Qualitative comparison of the 4D human-robot collision avoidance game. For both meth-
ods, we display the predicted value function (left sub-panel) alongside the reachability rollout cost
evaluated from its induced policy (right sub-panel). The heatmap slices are taken at x-y plane where
θrel = π/2 and vego = 1.0. The grid-based OptimizedDP solution exhibits severe numerical artifacts
due to the asymmetric control authority between players. In contrast, our neural framework main-
tains a relatively more consistent safety boundary that closely matches the empirical rollout cost.

E.1.2 10D Multi-Agent Pursuit-Evasion657

We scale our evaluation to a high-dimensional reach-avoid problem featuring one evader (modeled658

as a 4D Dubins car) and two cooperative pursuers (modeled as 3D Dubins cars). The game takes659

place in a bounded 10× 10 field containing a central circular obstacle with a radius of 1.660

The 10D state vector concatenates the states of all three agents: x =661

[xe, ye, θe, ve, xp1
, yp1

, θp1
, xp2

, yp2
, θp2

]⊤. The spatial coordinates for all agents are bounded662

by the field size x, y ∈ [−5.0, 5.0], headings by θ ∈ [−π, π], and the evader’s velocity by663

ve ∈ [0.0, 2.0]. The two pursuers act as the joint control player (minimizer) aiming to capture the664

evader, with control inputs u = [ωp1 , ωp2 ]
⊤ bounded by ωpi ∈ [−1.0, 1.0]. The evader acts as665

the disturbance player aiming to escape, with inputs d = [ωe, ae]
⊤ bounded by ωe ∈ [−1.2, 1.2]666

and ae ∈ [−2.0, 2.0]. Both pursuers move at a constant linear velocity vconst = 1.0. Again, the667

problem is formulated with asymmetric control authority, leading to intriguing optimal strategies668

and numerical stiffness during training.669

The continuous-time dynamics of the multi-agent system are given by670

ẋe = ve cos(θe), ẏe = ve sin(θe), θ̇e = ωe, v̇e = ae

ẋpi
= vconst cos(θpi

), ẏpi
= vconst sin(θpi

), θ̇pi
= ωpi

, i ∈ {1, 2}
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and we apply Euler integration to obtain the discrete-time dynamics.671

The target set is successfully reached if the evader is caught (comes within a capture radius of672

rcatch = 0.75 of any pursuer) or if the evader crashes into an obstacle/wall:673

g(x) = min

(
min

i∈{1,2}
(∥pe − ppi

∥ − rcatch) ,SDF(pe)
)
,

where SDF(·) denotes the signed distance function to the boundary and the central circular obstacle.674

The failure set is triggered if the pursuers fail the mission by colliding with the obstacles or each675

other:676

ℓ(x) = min

(
min

i∈{1,2}
SDF(ppi), ∥pp1 − pp2∥ − 2rrobot

)
.

Table 10: Quantitative catching rates for the 10D pursuit-evasion game. We evaluate the perfor-
mance of our method against the MPPI baseline by pairing different combinations of pursuer and
evader policies.

Evader Policy
MPPI Ours

Pursuer Policy MPPI 36% 0%
Ours 88% 42%

To evaluate the optimality of our learned policies, we benchmark them against a Model Predictive677

Path Integral (MPPI) baseline [22] in a cross-play evaluation. The MPPI pursuers operate indepen-678

dently, each individually minimizes their cumulative distance to the evader while incorporating an679

SDF penalty term for safety awareness. Conversely, the MPPI evader operates by simply maximiz-680

ing its distance from the pursuers while avoiding obstacles.681

Table 10 presents the quantitative catching rates across all combinations of pursuer and evader poli-682

cies. Our framework demonstrates dominant performance in both the evading and cooperative pur-683

suing roles. When our learned evader is deployed against the baseline MPPI pursuers, it successfully684

escapes in 100% of the 50 trials. Conversely, our joint pursuer policy captures the MPPI evader in685

88% of the rollouts, vastly outperforming the baseline MPPI pursuers, which only achieve a 36%686

success rate against their own evader. Finally, when putting our learned pursuers against our learned687

evader, the catch rate settles at 42%.688

E.2 Qualitative Analysis of Quadrotor Gate Avoidance689

(a) DeepReachMPC Solution (Sine NN) (b) Ours

Figure 4: Qualitative value function heatmaps for the Quadrotor Gate Avoidance task. The slices
visualize learned value function on the x-z plane with [py, qw, qx, qy, qz, vx, vy, vz, ωx, ωy, ωz] =
[0, 1, 0, 0, 0, 2.5, 0, 0, 0, 0, 0]. (a) The sinusoidal MLP induces severe rippling artifacts. In contrast,
our discrete-time formulation yields.

A primary motivation for adopting our discrete-time formulation is the flexibility to employ stan-690

dard, highly stable neural network architectures (e.g., ReLU MLPs) to represent the value function.691
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In contrast, PINN-based solvers rely heavily on sinusoidal MLPs to accurately represent the value692

function gradients required by the HJI PDE. While the sinusoidal networks excel at handling dif-693

ferentiable boundary conditions, they often struggle to approximate complex non-smooth safety694

boundaries.695

As an example, the safety boundary in the Quadrotor Gate Avoidance problem is highly complex696

and non-smooth, defined by the SDF to the gate coupled with the velocity bounds. To demonstrate697

this advantage, we provide qualitative heatmap slices of the learned value functions in Fig. 4. The698

PINN-based baseline (Fig. 4a), constrained by its sinusoidal network, exhibits severe high-frequency699

oscillatory artifacts (ripples) and fails entirely to resolve the true value function near the gate. Con-700

versely, our gradient-free framework (Fig. 4b) stably propagates the safety boundary backward over701

the temporal curriculum.702

F Details on Hardware Setup and Experiments703

This section provides additional details for the race car BRT training and safety filtering.704

F.1 Vehicle Dynamics and Problem Setup705

We adopt the F1Tenth hybrid dynamics from the F1Tenth simulator [23]. To train a robust safety706

value function capable of handling varying levels of real-world uncertainty, we augment the state707

space with a disturbance scale parameter, ds ∈ [0, 0.3].708

The state is then given by x = (px, py, ϕs, v, θyaw, ωyaw, βslip, ds) where ϕs ∈ [−0.4189, 0.4189],709

v ∈ [0.5, 10], ωyaw ∈ [−5, 5], and βslip ∈ [−0.8, 0.8]. Here, ϕs denotes the steering angle, v is710

the longitudinal velocity, θyaw is the yaw angle, ωyaw is the yawing rate, and βslip denotes the slip711

angle. The control inputs are the rate of steering angle and the longitudinal acceleration, denoted712

as u = [ϕ̇, a] ∈ [−3.2, 3.2] × [−9.51, 9.51]. The disturbances include lateral drift scaler vl ∈713

[−1, 1] and control authority deduction dϕ and da, whose bounds are scaled by an extra conditional714

dimension ds. The longitudinal acceleration is further capped when the current velocity v is high,715

and the system switches to kinematic mode when the velocity is too low. We increase the switching716

speed for the dynamic mode to 1.5 m/s to match the speed limit of the hardware RC car. Namely,717

the F1Tenth car is in its kinematic mode if the speed is less than 1.5. Otherwise, the dynamic mode718

will be used. We now present the continuous-time dynamics for each mode. Euler integration is719

employed to provide discrete-time dynamics.720

The dynamic-mode dynamics are:721

f =



v cos(θyaw + βslip)− vlds(|v|+ 1) sin(θyaw)
v sin(θyaw + βslip) + vlds(|v|+ 1) cos(θyaw)

ϕ̇− dϕds
a− dads
ωyaw

− µm
vI(lr+lf )

(
l2fCSf (glr − ah) + l2rCSr(glf + ah)

)
ωyaw

+ µm
I(lr+lf )

(lrCSr(glf + ah)− lfCSf (glr − ah))βslip

+ µm
I(lr+lf )

lfCSf (glr − ah)ϕs,(
µ

v2(lr+lf )
(CSr(glf + ah)lr − CSf (glr − ah)lf )− 1

)
ωyaw

− µ
v(lr+lf )

(CSr(glf + ah) + CSf (glr − ah))βslip

+ µ
v(lr+lf )

CSf (glr − ah)ϕs



.

where the vehicle parameters are borrowed directly from the F1Tenth simulator:722

• µ: Surface friction coefficient: 1.0489723

• CSf : Cornering stiffness coefficient, front: 4.718/ rad724

• CSr: Cornering stiffness coefficient, rear: 5.4562/ rad725

• lf : Distance from center of gravity to front axle: 0.15875m726
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• lr: Distance from center of gravity to rear axle: 0.17145m727

• h: Height of center of gravity: 0.074m728

• m: Total mass of the vehicle: 3.74 kg729

• I: Moment of inertia of the entire vehicle about the z-axis: 0.04712 kg ·m2730

The kinematic-mode dynamics are:731

f =



v cos(θyaw)− vlds(|v|+ 1) sin(θyaw)
v sin(θyaw) + vlds(|v|+ 1) cos(θyaw)

ϕ̇− dϕds
a− dads
v

lr+lf
tan(ϕs)

a
lr+lf

tan(ϕs) +
v

(lr+lf ) cos2(ϕs)
ϕ̇

0


.

F.2 Network Architecture and Inputs732

To effectively process high-dimensional observations, our neural network architectures decou-733

ple visual feature extraction from the other input features. The network inputs consist of a734

128 × 128 ego-centric BEV occupancy map, alongside a 5-dimensional proprioceptive state vec-735

tor (ϕ, v, ωyaw, βslip, ds) and the time t, forming a 16, 390-dimensional input space.736

To process the visual input, we employ a CNN encoder, which consists of five convolutional layers,737

each utilizing a 3 × 3 kernel, a stride of 2, a padding of 1, and ReLU activations. This architecture738

progressively downsamples the 1 × 128 × 128 spatial occupancy map into a 128 × 4 × 4 feature739

tensor. The tensor is subsequently flattened and passed through a linear projection layer to yield a740

dense, 256-dimensional embedding.741

The 256-dimensional BEV embedding is then concatenated with the proprioceptive states and the742

time variable. This joint feature vector is passed into a ResNet with 8 residual blocks, each maintain-743

ing the 512-neuron width with ReLU activations, to predict the value function or optimal actions.744

Importantly, the entire architecture is trained end-to-end from scratch, including the BEV encoder.745

F.3 Discrete-Time CBF Filter746

To ensure safety during online deployment, we gaurd the task-driven MPPI nominal control, unom,747

using a sampling-based variant of the DCBF filter [21].748

First, we define the calibrated safety value function as:749

Vcal(x) = Vθ(x, 0)− δ (31)

where Vθ(x, 0) is the raw output of the learned value network and δ is the calibration threshold750

obtained following [24]. To maintain safety, the DCBF strictly bounds the decaying rate of the751

safety value based on the current value. We define this required minimum safety value for the next752

step as:753

Vreq(x) = max ((1− γDCBF∆t)Vcal(x), 0) (32)

where γDCBF = 1.0 is the relaxation rate.754

Since our method does not approximate the value function gradients, we utilize a sampling-based755

strategy to evaluate the DCBF constraint over a batch of candidate controls, Ubatch. The subset of756

safe candidate controls is formulated as:757

Usafe =
{
u ∈ Ubatch | Vcal

(
x
u,dϕ

k+1

)
≥ Vreq(x)

}
(33)

The filtered control output is then determined by a switching logic. If the safe control set is non-758

empty, the filter selects the safe candidate closest to the nominal control. If no sampled control759
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satisfies the safety constraint, the filter triggers the robust fallback recovery policy πu
ϕ:760

ufiltered =

{
argminu∈Usafe ∥u− unom∥2, if Usafe ̸= ∅
πu
ϕ(xclamped, 0), otherwise (34)

where xclamped restricts the state within the strict bounds of the training domain prior to evaluating the761

fallback policy. Theoretically, if the BRT solution is exact and all encountered disturbances remain762

strictly within the training bounds, the safe control set is guaranteed to be non-empty. In practice,763

however, neural network approximation errors or out-of-distribution observations and disturbances764

may occasionally render the safe set empty. The fallback recovery logic is explicitly introduced to765

maintain persistent system safety despite these practical imperfections.766
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